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Using results deduced in a previous paper on the transformation of ordinary 
linear differential equations into equations with constant coefficients, we generate 
solutions in the theory of nonhomogeneous elasticity under spherical sym- 
metry. The nonhomogeneous rotating shaft is also treated. 
1. INTRODUCTION 
In [l] the authors have treated the problem of transforming the general 
n-th order, linear, ordinary differential equation into an equation with constant 
coefficients. Necessary and sufficient conditions on the coefficients of the 
original equation have been deduced, the transformation which achieves the 
goal is determined, and explicit solutions are displayed, in terms of the 
coefficients, in the various cases which may arise. Special attention has been 
given to the self adjoint equations of second and fourth order. 
In this paper, we wish to apply the results of [l] to several problems in 
elasticity and the problem of the rotating shaft, where the material character- 
istics are allowed to vary with position. Thus a whole class of problems is 
solved with a wide range of variable material properties, for static as well as 
dynamic cases. 
In Section 2 we quote such results of [l] as are needed for our purposes 
here, in order to render the paper self contained. Following that, we deduce, 
in Section 3, solutions of the equilibrium equation of a linear, isotropic, 
nonhomogeneous elastic material, in the case of spherical symmetry, under a 
wide range of variations of the elastic moduli. These results are applied, in 
Section 4, to the problem of a spherical shell under normal pressure, where 
new phenomena are observed, which do not arise in the case of a homogeneous 
material. The corresponding dynamic equation is also treated, in Section 5. 
Finally, Section 6 is devoted to the problem of the rotating shaft, with 
variable characteristics, and appropriate solutions are deduced. 
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2. PRELIMINARY RESULTS 
In order to render this paper self contained, we shall quote a few results 
from [l] which will be needed for future references. We shall present the 
results in the form of sufficient conditions leading to the desired conclusion. 
The necessity of the conditions, fully dealt with in [l], is not of our concern 
here. The following is essentially the content of Section 3 in [l]: 
THEOREM 1. Given the second order self adjoint d$%rential equation 
(PY’)’ f I 4 I Y = 07 (1) 
where p = p(x) and q = q( x are continuously dz#erentiable in some interval J. ) 
Further suppose that p > 0 and that q does not change sign in J. Moreover, 
assume that the relation 
$(P I 4 lP2 = c I 4 I 7 (2) 
holds in J, where c is an arbitrary real constant. Then if y(x) is the general 
solution of (1) we have the following: 
(i) If 0 # c2 # 4, or else c2 # 0 and q < 0, then 
Y = Al[P I 4 lIm1’2c + -42[P I 4 llm2’2c, (3) 
where, if q > 0, 
while if q < 0, 
- c & 2/G - 4 
m l-2 = 2 ’ (4) 
c It dc” + 4 
m 1,2 T - 
2 . 
(ii) If c2 = 4 and q > 0, then 
Y = [P I q /I-“* [A, + A, hididl. (6) 
(iii) Ifc=O,(2)d$ e nes a (not necessarily positive) constant, D2, through 
PP--&-Y (7) 
and we have 
y=A,exp[d-Dzjqdx] +A,exp[-d-D2/qdx], (8) 
A, and A, being arbitrary constants in all three cases. 
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The next result is essentially the content of Section 6 in [l]. 
THEOREM 2. Given the fourth order self a@oint differential equation 
(f’y”)” + (Qy’)’ + Ry = 0, (9) 
where P”(x), Q’(x) and R”(x) are continuous, and [R/P]ll* is three times continu- 
ously differentiable in some interval J. Furthermore, assume that P > 0 and 
that R does not change sign in J. Moreover, assume that the following relations 
(Pa”)’ = clR, (10) 
(Pa’)’ + Qa = c2 G , 
hold in J, where c1 and c2 are arbitrary constants, and where 
Finally, let mi be the roots of the algebraic equation 
m* + 2c,m3 + (cl2 + cJ m2 + clczm + 1 = 0. (13) 
Then we have the following: 
(i) If c, # 0, then corresponding to each distinct root mi of (13), (9) has a 
solution given by 
yi = (pR3)mii4c1, (14) 
while corresponding to each root mi of (13) f o multiplicity ki , (9) has a solution 
given by 
ki-1 
yi = (PR3)mi’4cl c Bj{log 1 PR3 \>j, 
j=O 
(15) 
Bj being arbitrary constants. 
(ii) If c1 = 0, (10) and (12) d $ e ne a (not necessarily positive) constant D, 
through 
Then, corresponding to each single root mi of (13), (9) has a solution 
yi=exp[DmiSRdx], (17) 
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while corresponding to each multiple root mi of (13), of multiplicity ki , (9) has a 
solution 
Bj being arbitrary constants. Any one determination of D in (16) may be used 
consistently. The constant D insid? the summation (18) can be absorbed in the B, 
and has been left for symmetry reasons only. 
3. THE ELASTIC SOLID IN SPHERICAL SYMMETRY 
We shall now apply the previous results to the equilibrium equation of a 
linear, isotropic, nonhomogeneous elastic solid, under spherical symmetry 
and in the absence of body forces. The only nonvanishing displacement is 
u = U(Y), while the three nonvanishing stresses are given by 
7 TT = (34 + 4 24’ + 2h ; , (19) 
T,gs = T&f, = Au’ + 2(X + y) 5, (20) 
where 0 and C$ are the colatitude and the longitude, respectively, h = h(Y) and 
p = p(y) are the Lame and shear modulus, respectively, and the prime 
denotes differentiation with respect to the radial distance, Y. The only non- 
identically vanishing equation of equilibrium appears as 
T:r + +- P’w - 780 - T,$,J = 0. (21) 
We now eliminate the stresses by substituting (19) and (20) into (21). 
The result is a second order linear differential equation for U, whose self 
adjoint form appears as 
[Y2(2P + A) u’]’ + 2[X’Y - (2p -1 A)] 24 = 0. (22) 
Next we shall explore the various solutions of the equilibrium equation (22) 
which are generated by different variations of h and p with Y. We shall be 
guided by the results summarized in (1) through (8). 
Identifying (22) with (1) and demanding (2), we reach 
$ {Y2(2r* + A) 1 2X’Y - 2(2/& + X)l}l’” = c j 2h’Y - 2(2/L + X)1 . (23) 
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The assumption p > 0 in (1) is met here if we take r > 0 and since X > 0, 
TV > 0, for a real material. Also, we shall restrict the discussion to an interval 
in which the expression X’r - (2~ + h) does not change sign. Clearly, as we 
go through a zero of this expression the constant c in (23) might change. 
As a first example we choose h = t.~ = P, with real CL At this point we 
exclude the values a: = - 1, 3 from the discussion. Clearly 
X’Y - (2/L + A) = (ct - 3) Ye 
does not change sign. Equation (23) becomes 
; (6y2’a+l) 1 a! - 3 1}1/2 = 2c / 01 - 3 1 F, 
and is satisfied for 
c = (gy2 1 a - 3 I-l/2 (cd + 1). (25) 
It is easy to check that for 01 > 3 we have c2 # 4. Accordingly, whether 
01 > 3 or 01 < 3, we gather from (i) of Theorem 1 that 
u = A,Y”’ + A2yn2, (26) 
where 
%,2 = 
-q*; 
li 
a2-“a+9, 
3 
n1 and n2 being real, since the discriminant in (27) is always positive, for 
real 01. 
When 01 = 3, we find that (22) becomes 
(3Y5U’)’ = 0, (28) 
whose solutions are readily found to be ur = 1 and u2 = rr4. Substitution 
of (Y = 3 into (27) yields 7tr = 0, n2 = - 4, so that (26) holds also for 01 = 3. 
Finally, when 01 = - 1, (22) becomes 
(3rd) - $ I.4 = 0, 
and (iii) of Theorem 1 applies, yielding ur = rd@, u2 = rrt/s/3. Substitution 
of 01= - 1 in (27) yields n1,2 = & d8/3, so that (26), (27) represent the 
solution of (22), with X = TV = YO, for all real CL 
As a second example, we look for more general cases in which X = p 
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and try to determine their common form. Equation (22) then assumes the 
form 
(3hr2u')' + (2X'r -- 6h) u -= 0. (30) 
We now impose Eq. (7) in Theorem 1 on (30), and find that 
6M'r3 ~ 18W+, (31) 
which is a first order differential equation for X2, with the solution 
1 112 
A= p _ 
L 
Br6 -m] , (32) 
where B is a constant and D2 is defined in (31). Invoking (iii) of Theorem 1, 
we find that for h = TV being given by (32), we have 
u = exp + u’- 
[ 
j 2(h'r - 3A) dr] . (33) 
As a final example we introduce a new dependent variable in (22). Letting 
z2- 
r ’ (34) 
(22) assumes the form 
[Y4(2/L + A) z’]’ + 3Kr3.z = 0, (35) 
where K is the Bulk modulus defined by K = 4 (2~ + 3/\). Using the relation 
2~ + X = 3K[(l - u)/(l + o)], u being Poisson’s ratio ([2], p. 71), and 
invoking (iii) of Theorem 1, we find that for a material obeying the law 
&K2,=&g, (36) 
D2 being a constant, the displacement is given by 
21~rz=r.exp[fDj~K’dr]. (37) 
Note that (36) determines neither (r nor K, but demands only a relation 
between the two, which makes it, therefore, quite a general formula. 
4. THE SPHERICAL SHELL UNDER NORMAL PRESSURE 
We consider next the problem of the spherical shell, of inner radius a > 0 
and outer radius b, under normal pressure, described by 
777 r=a = - Tl, TTT Iv=b = - T, . (38) 
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Under the assumption that h = p = P, we know that the general solution is 
given by (26) and (27). I ncorporating (38) into (26) to find A, and As , and 
using (19) and (20), we reach 
+ T, (+)nl+R-l [fi - s (;)-] ’ , 
where nr and n2 are defined in (27). Neither n, nor n2 equals - $ , as is easily 
checked, so the denominators in (40) never vanish. 
Consider the special case Tl > 0, T, = 0. Then, since 0 < a < r < b 
and a1 - n2 > 0, we find that or,. < 0 for all relevant r and all CL This is also 
true in the classical case of a homogeneous hell ([2], p. 343). The situation 
is different, however, with respect to 7ee. Since 
n2 + 4 111 + 4 
- ~ = 
- - 3n, + 2 3nl + 2 +- (n, n,) < 0, 
we find that 7ee Iv-b > 0. On the other hand, TV* will vanish, since T, = 0, 
if the coefficient of Tl in (40) will vanish, i.e., when 
If a: < 3, (27) shows that n&a < 0, so that (42) has no solution Y, a < r < b. 
However, if 01 > 3 we find that n1 < 0, n2 < 0, and also n&z2 < 1. Hence (42) 
has a solution, and we conclude that there is an intermediate radius at which 
7ee may change sign. This is in contrast to the classical case of a homogeneous 
shell, where 700 does not change sign. 
A similar analysis shows that when Tl = 0, Tz > 0, we have T,.,. < 0 for 
all OL and all relevant r. Similarly, 7 ee r--a < 0 and does not change sign ] 
provided 01 < 3. It may change sign, however, for (Y > 3. 
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5. THE DYNAMIC CASE 
In this Section we consider the dynamic counterpart of the problem 
treated in the previous Section. The equation of motion now becomes 
[Y2(2/L + A) 24’1’ + 2[h’y - (2/L + A)] 24. = r*pti, (43) 
where the prime now denotes partial differentiation of u with respect to Y, 
and the dot indicates time differentiation. The density is denoted by p. 
Separating variables and assuming 
U(Y, t) = H(Y) e-kt, (4) 
where K need not necessarily be real, we obtain for H(Y) the equation 
[y2(2~ + A) H’]’ + [2h’y - 2(2P + A) - k2~2f] H = 0. (45) 
We are imposing boundary conditions of the form 
TTT T=a - / ~ - Tleckt, l-rr r=b = j - T2e-l”t (46) 
and seek to solve (44) through (46). Identifying (45) with (1) and imposing the 
condition (2) we reach 
; (r2(2p + A) j 2X’Y - 2(2p + A) - k2r2p I}112 
= c 1 2h’r - 2(2p + A) - k2Y2p 1 . 
(47) 
It may now be readily verified that if we choose an arbitrary positive 
p = p(r) and accordingly define h and p through 
h(r) = f / rp(r) dy > 0, 
p(~) = B - ; / rf(r) dY > 0, 
with sufficiently large B, a constant, and if we put (48) into (47), we obtain 
; (8r2B2)l12 = 4Bc, (49) 
so that c = 4 -\/2. Accordingly, (i) of Theorem 1 furnishes 
H(Y) = A,Y + A,Y-~ (50) 
and from (44) we conclude 
u(r, t) = (A,Y + A2r-2) eckt. (51) 
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The problem under consideration may now be completely solved if we adjust 
the constants A, and A, in (51) so that (46) is satisfied, and we may ignore the 
time dependence entirely. However, the r-dependence in (51) is identical to 
the solution of the classical static case of a homogeneozls shell, which is well- 
known ([2], p. 343), and need not be discussed any further. We have arrived, 
therefore, at the surprising result that the r-dependence of a dynamic case 
of an inhomogeneous hell whose moduli meet (48), is identical to the r-depend- 
ence of the classical static case of a homogeneous hell, provided the boundary 
conditions (46) are imposed. The well-known phenomenon of stress concen- 
tration in the classical case, for example, would apply here equally well. 
Finally, we may use (iii) of Theorem 1 to generate other solutions of the 
problem. If the constant c in (47) be assumed to vanish, i.e., if 
r2(2p + A) [2X’r - 2(2p + A) - K”r2p] = A, 
D being a constant, then we may look upon (52) as defining p for arbitrary X 
and CL. Accordingly, (iii) of Theorem 1 furnishes that if h, p, and p satisfy the 
relation 
[ 
1 
’ = D2r2(2~ + A) + WP + 4 - 24 (&I > 
H(Y) will be given by 
WY) = exp [ f & j y2c21*d; h)] .
Once H(Y) is determined, the rest of the problem offers no further difficulties. 
6. THE ROTATING SHAFT 
In this Section we apply the results summarized in Section 2 to the fourth 
order self adjoint differential equation of a rotating shaft. Given a shaft 
whose density is p, rotating with angular velocity w about its equilibrium 
position on the x axis. Let y(x), be the deflection of the shaft. Then, for small 
deflections, we have ([3], p. 193) 
[EIy”]” - puJ2y = 0, (55) 
where E is Young’s modulus and I the moment of inertia. This equation has 
been extensively dealt with when p, W, E, and I are constants. We shall 
assume that w is constant, but will allow the other characteristic properties 
to vary with position. 
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Comparing (55) with (9) we obtain 
I’ = El, Q =o, R zz - PW2 (56) 
and so from (12) 
a=& (pw2) 114 [ 1 7’ (57) 
where we choose the positive square root of i. Equations (10) and (ll), 
because Q = 0, reduce to 
(Pa3)’ = clR, (58) 
(Pu’)’ = c2 + . (59) 
Suppose now that E and I, as well as p and w, satisfy 
EI = r4, pw2 = F4, (60) 
where F is a constant. Then it is readily verified that (58) and (59) are satisfied 
with 
(61) 
Now from (56) and (60) we find that (PR3)1/4 is proportional to r. Guided by 
(15) we know that the solution of (55) will therefore involve powers of Y of the 
magnitude mi/cl , mi being the solutions of (13). Dividing this equation by c14 
and using (61) we obtain, after putting n = m/cl , 
n4+2n3-n2-2n-F4=0. (62) 
According to (i) of Theorem 2 we conclude that the solutions will be of the 
form rni or rni multiplied by powers of log r, depending upon the nature of the 
roots of (62). 
As a second example, suppose c1 = 0 in (58). Then by (16) we have 
PR3 = D-4, (63) 
where D4 is a negative constant since P = EI > 0 and R = - pw2 < 0, 
and (12) yields, therefore, 
a=DR. (64) 
Consequently, (59) becomes 
D2(PR’)’ = c2 , (65) 
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where ca is imaginary, and in view of (63) and (65) we reach 
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(66) 
which leads to 
R = - (- D2c,x2 + yx + 8)-1/2 < 0, (67) 
so that (63) yields 
P = - D-4[- D2c,x2 + yx + 813i2 > 0, 63) 
where the quantity D2c, is real, and y and 6 are real constant. Consequently, 
the conditions (58), (59) will b e met whenever, in view of (56), (67), and (68), 
we have 
,ow2 = + [- D2c2x2 + yx + 6]-1/2 > 0, (69) 
and 
EI = - D-*[- D2c2x2 + yx + 8]3/2 > 0, (70) 
and the solutions can then simply be read off from (ii) of Theorem 2, appro- 
priate to the case cr = 0. 
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